Abstract. Monte Carlo simulations of the magnetization temperature dependence in D × L nanotubes (periodic lateral boundary conditions) and nanostrips (free lateral boundary conditions) with D=8, 16, 32, 64≪ L −→ 5000 have been performed. The apparent critical temperature was determinated using the Binder Cumulant method (crossing of data for D×L with data for D×2L) and it was found to be 
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Introduction
Phase transitions in Ising systems with thin film geometry have been studied by many authors using series expansion, renormalization group and Monte Carlo calculations [1] - [11] . Attention was focused on the evolution of the effective critical exponents at the vicinity of the critical temperature T C , with the aim of determining the universality class of the thin films. The thickness dependence of the film critical temperature was analyzed by means of numerical finite size Monte Carlo simulations [1, 7, 10] , using free and periodic boundary conditions at the surfaces of the plates. It was found [12, 13] that, for periodic boundary conditions, the T C (D) scaling prediction for systems intermediate between d = 2 and d = 3, given by
holds, where ν d=3 ≃ 0.63 is the correlation length exponent for three dimensional Ising systems.
The scaling of the data and the crossover observed in effective critical exponents, which is due to the fact that the correlation length is sensing a finite thickness (D ≪ L) as the temperature goes towards T C , demonstrated unambiguously that thin films belong to the two dimensional (d = 2) universality class.
In this study we examine Ising systems with geometries intermediate between one dimensional and two dimensional, with the same purpose in principle, as in the investigation of thin films. Short-ranged isotropic Ising systems with a locally square lattices were investigated. In the case of d = 1-like systems it is clear that the determination of T C , which is a non universal quantity, can be difficult as D approaches 1, because the phase transition in a d = 1-infinite Ising system is attained only at T C = 0 and the exponents β and δ −1 for the d = 1 Ising system are equal to zero in that limit. However this does not preclude the possibility that T C > 0 for beyond a given D * and effective critical exponents β ef f (D) > 0 and δ [11] .
The difference between strips and films, however, is that in the former T C (d = 1)=0 and there is nothing that precludes
269118 is non-zero from the beginning and films with small thickness D must be expected to grow from this T C value from the very beginning. In the other words, T C (D) a non universal quantity may have a threshold D = D * beyond which and only beyond which T C (D) becomes positive and growing with D.
Results
In this work numerical finite size simulations of phase transitions in D × L Ising systems (D ≪ L) with free and periodic boundary conditions have been performed to investigate the width dependence of the critical temperature if any of strips and tubes. Metropolis [14] and Wolff single cluster methods [15] were used to perform Monte Carlo investigations of the temperature dependent magnetization M(T ) in systems of width D=8, 16, 32, 64 and lengths 100 ≤ L ≤ 5000. Periodic boundary conditions were always used along the L direction to delete secondary boundary effects, while the conditions along the width (perpendicular to the L direction) of the system were modified from free to periodic in order to analyze boundary effects. Our analysis however concentrates on results obtained using periodic boundary conditions.
The parameters of the algorithm (thermalization time, relaxation time and number of states for the energy count) were increased until finding that the main results did not change appreciably as these values were further increased and as it was confirmed that good statistics were obtained. The calculations involved 140000 Monte Carlo steps per spin for each data value (each temperature or each field). It may be noted that changing from 50000 MC steps to 140000 MC steps no noticeable improvements were observed. To reduce the critical slowing down as much as possible at the vicinity of the critical point we used a Wolff single cluster algorithm. Initial conditions at a given temperature were taken from the equilibrium conditions at the previous temperature. A description of the random number generator used may be found in [16] .
Taking into account that T C may be positive beyond a certain D * as explained above, we have investigated (i) the critical temperature dependence as a function of the width D, by simulating D × L systems to locate T C (D, L → ∞), which for D larger than some D = D * is expected to be non-zero, (ii) the scaling of the magnetization data for two or more different L values with a constant D, using [17] 
* . We can check the U L crossings obtained with D×L and D×2L, to define a "crossing critical temperature" T C (D, L). This "crossing critical temperature" seems to approach a fixed Figure 1 shows that the "crossing critical temperature" obtained with the D × L and D × 2L systems for D > 6 tends to a fixed temperature value
269185314 as given by Onsager [19] . An inset in Figure 1 shows a triple crossing for D = 64.
The evolution of T C (D, L) for increasing width D can be fitted approximately by means of an exponential. We take T C (D), the transition temperature, as the extrapolated value at L → ∞. Table 1 gives the T C (D) values for periodic and free boundary conditions using the method described above. Again, we may note that T C (D) is well defined but always somewhat overestimated in this way. It may be noted that the transition temperature T C (D) for the same D value is higher for systems with periodic boundary conditions than for systems with free boundary conditions, i.e the nanotubes require more thermal energy than the strips to under go the phase transition, because their spins are more strongly bound due to the more stringent boundary conditions. It is true that the Binder Cumulant method, in particular the Binder Cumulant method crossing M(T ) data for two or more finite size lattices, f.i. D×L, D×2L, D×4L ... is a phenomenological method but it is well grounded in general scaling arguments and, used with appropriate care, produces very reliable results. Figure 1 shows that it is necessary to go to relatively large nanotube and nanostrip lengths in order to stabilize the crossing temperature, but, of course, T C (D) begins to become very well defined as D grows beyond D ≫ D * . As shown below to scale data properly for D ≤ 6 it is necessary to use T c (D) = 0, corresponding with Binder Cumulant but crossing at T = 0. We might say that D ≃ 6 corresponds to a certain intermediate effective dimensionality 1 ≤ d ≤ 2, as discussed below in more detail. Figure 2 gives 1 −
vs D for periodic (full circles) and free (open circles) boundary conditions in a log-log representation. The difference between both sets of points shows the effects of the boundary conditions on the critical temperature. An inset in Figure 2 shows a susceptibility peak for D = 64. Note that the scaling prediction for
and it does only hold for widths larger than D * ≃ 6. This is in contrast to the thin films case [10] , in which the corresponding scaling prediction Equation (1) was fulfilled at any thickness with periodic boundary conditions. Thus, this plot serves to identity empirically D * = 6, below which all strips are effectively equivalent to linear chains for most practical purposes. Figure 3 shows a fit of T c(D)
to data for D = 16, 32, 64 (see Table 1 ) obtained with D * ≈ 6, m ≈ 0.353 ± 0.011. These T C values are used later for scaling purposes.
We may note that the Binder Cumulant crossings are always close to 2/3. This means that the values found are almost equal to the d = 1 Binder Cumulant value. In all cases the values found are always far from the d = 2 Binder Cumulant value [20] . This fact implies that the universality class of the nanotubes (and nanostrips) must be d = 1. This fact does not preclude the existence of effective critical exponents. Figures 5-9 . It may be noted that for D=32 and D=64 the nanotubes (or nanostrips) begin to show that D is not properly D ≪ L with our data, L = 500, 1000, and the transition begins to appear less well defined, specially for the lower L value.
Using the one dimensional chain scaling ε = e −4/T instead of ε =
* , we can check that the exponent γ ef f evolves from γ ef f.d=1 ≃ 1/2 towards
decreases towards γ ef f.d=2 = 7/4. We note once more that for L → ∞ and at T approaching very closely T C (D) the effective exponents cross-over to the d = 1 exponents for any finite D ≪ L.
Concluding remarks
In conclusion, our Monte Carlo simulations show that: (a) T C (D), which is a nonuniversal quantity, is T C (D) = 0 for D < D * = 6, and T C (D) > 0,. It is well approximated by Equation (3), being always smaller than T C (d = 2) = 2.269185314, for D ≥ D * = 6; (b) the universality class of nanostrips and nanotubes is onedimensional but their phase transitions behaviour shows a qualitative change at the critical dimensionality D * = 6. Strips and tubes with very large D comparable to L are characterized by effective critical exponents approaching those of two-dimensional systems.
It is clear that strips and nanotubes with D finite must be considered always onedimensional systems. However our data show that regarding the transitions temperature We hope to have shown here that Monte Carlo methods properly used, limited as they are, can provide very useful information on the phase transition features of low dimensionality Ising systems such as nanotubes and nanostrips. 
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